We consider solutions to the µ-term problem originating in the effective low energy theories, of N = 1 Z N orbifold compactifications of the heterotic string, after supersymmetry breaking. They are consistent with the invariance of the one loop corrected effective action in the linear representation for the dilaton. The proposed µ-terms naturally generalize solutions proposed previously, in the literature, in the context of minimal low-energy supergravity models. They emanate from the connection of the non-perturbative superpotential to the determinant of the mass matrix of the chiral compactification modes. Within this approach we discuss the lifting of our solutions to their M-theory compactification counterparts.
Introduction
One of the necessary ingredients of the minimal supersymmetric extension of the standard model of electroweak interactions is the existence in its matter superpotential of a mixing term between the two Higgs doublets, namely W tree = µH 1 H 2 . The coupling of this bilinear term is the so called µ-term. Its presence introduces a hierarchy problem in the theory. Clearly the presence of such a term at the electroweak scalar potential of the theory is essential in order to avoid the breaking of the Peccei-Quinn symmetry and the appearance of the unwanted axion and to give masses to the d-type quarks and e-type leptons which otherwise will remain massless. In addition the presence of the µ-term is necessary for the correct electroweak symmetry breaking. However during the latter process the low energy parameter µ, of the electroweak scale, is identified with a parameter of order of the Planck scale something unacceptable. An explanation of the origin of µ term generates the µ-problem and several scenaria have appeared in the literature providing a solution.
Mechanisms for the generation of the µ term make use of gaugino condensation to induce an effective µ term [4] or the presence of mixing H IJ terms in the Kaḧler potential [5, 4, 7] , which induce after supersymmetry breaking an effective µ term of order O(m 3/2 ). Another solution, applicable to supergravity models, makes use of non-renormalizable terms (fourth or higher order) in the superpotential. They have the form M 1−n P l A n H 1 H 2 and generate a contribution [3] to the µ term of orderμ ∼ O(M 1−n P l M n hidden ) after the hidden fields A acquire a vacuum expectation value.
In this paper we explore the origin of µ terms in (2, 2) orbifold compactifications of the heterotic string. We discuss particular solutions to the µ problem related to the generation of the mixing terms between Higgs fields behaving as neutral scalar moduli in the Kähler potential. They are related to the presence of duality symmetries originating from subgroups of the modular group P SL (2, Z) . The latter appears in non-decomposable (2, 2) symmetric Z N orbifold compactifations of the heterotic string in four dimensions and in certain orbifold limits of K 3 × T 2 . Previous solutions in the literature of generatingμ for the SL(2, Z) case appeared in [7, 26] .
Lets us explain the origin of such mixing terms in superstring theory. We assume that our effective theory of the massless modes after compactification is that of the heterotic string preserving N = 1 supersymmetry while our effective theory is described by the usual N = 1 two derivative supergravity. Let us fix the notation [8] first. We are labeling the 27,27 with letters from the beginning (middle) of the Greek alphabet while moduli are associated with latin characters. The gauge group is E 6 × E 8 , the matter fields are transforming under the 27, (27) representations of the E 6 , 27's are related to the (1, 1) moduli while (27) 's are related to the (2, 1) moduli in the usual one to one correspondence.
The Kähler potential is given by
with the A and B corresponding to the 27's and27's respectively. Appropriate expansion of the low energy supergravity observable scalar potential, after supersymmetry breaking, generates a general contribution in the form
where F is the auxiliary field of the (1, 1) or (2, 2) moduli and have assumed that matter fields and moduli come from the same complex plane. In this work, as the contributions to the µ-term coming from the first two terms in (1.2) are standard, we will examine the origin of the additionalμ-term. Our study requires an expansion of the superpotential, confirmed posteriori 1 , in the form
In this case the µ term receives an additional contribution in the form
The expansion of the superpotentials into the form W = W o + W AB AB, is consistent with the invariance of the one-loop corrected effective action, in the linear representation of the dilaton, under tree level Γ o (3) T transformations,
which leave the tree level Kähler potential
The paper is organized as follows. In sect. 2 we analyse the different modular orbits appearing in the moduli space for the non-decomposable orbifolds. Next, we describe the identification of the non-perturbative superpotential W with the mass matrix of the chiral masses of the compactification modes. We perform the sum over modular orbits, integrating the N = 2 massive untwisted states of the compactification. In this respect, we calculate W in four dimensions by taking into account contributions from general non-decomposable N = 1 (2, 2) symmetric Coxeter orbifolds. In sect. 3 we identify the relevant orbifolds appearing in the classification list of [12] and which can be characterized as generalized
Coxeter orbifolds and calculate W. In sect. 4 we describe the contributions to theμ term coming from sections 2 and 3. As we will see, this analysis allows to describe a variety of possible phenomenological scenarios. In sect. 5 we explain the promotion of the soft terms, and in particular the B soft-term arising through the µ-terms of section four, to their counterparts coming from M-theory compactifications to four dimensions. Some connections to CP violation are pointed out. In sect. 5 we summarize our conclusions.
Non-perturbative Superpotentials from Modular Orbits of Coxeter Orbifolds
Let us consider first the generic case of an orbifold where the internal torus factorizes into the orthogonal sum T 6 = T 2 ⊕ T 4 with the Z 2 twist acting on the 2-dimensional torus lattice. We will be interested in the mass formula of the untwisted subspace associated with the T 2 torus lattice. In this case, the momentum operator factorises into the orthogonal components of the sublattices with (p L ; p R ) ⊂ Γ q+2;2 and (P L ; P R ) ⊂ Γ 20−q;4 . And as a result the mass operator M 2 factorises as below while the spin S for the Γ q+2;2 sublattice
where C is the Cartran metric operator for the invariant directions of the sublattice Γ q of the Γ 16 even self-dual lattice 2 . The above formula involves perturbative BPS states which preserve 1/2 of the supersymmetries, which belong to short multiplet representations of the supersymmetry algebra.
Let us now consider the Z 6 −IIb orbifold. This orbifold is non-decomposable in the sense that the action of the lattice twist does not decompose in the orthogonal sum
with the fixed plane lying in T 2 . Its complex twist is Θ = (i, i, −1)(2πi)/6. The orbifold twists Θ 2 and Θ 4 , leave the second complex plane unrotated. The lattice in which the twists Θ 2 and Θ 4 act as an lattice automorphism is the SO (8) . In addition there is a fixed plane which lies in the SU(3) lattice and is associated with the Θ 3 twist. The action of the internal twist can be made to act as − I 2 on a T 2 by appropriate parametrization of the momentum quantum numbers. Consider now a k-twisted sector of a six-dimensional orbifold of the the heterotic string associated with the twist θ k . If this sector has an invariant complex plane then its twisted sector quantum numbers have to satisfy
where Q defines the action of the twist on the internal lattice and M defines the action of the gauge twist on the E 8 × E 8 lattice. This means that with and with E a , a=1,2 a set of basis vectors inthe fixed directions of the orbifolds,Ẽ µ , µ = 1, . . . , d the set of basis vectors in the fixed directions of the gauge lattice, the momenta take the form
Here ρ is the ρ ab matrix, C ⊥ is the Cartran matrix for the fixed directions For orbifold compactifications, where the underlying internal torus does not decompose into a T 6 = T 2 ⊕ T 4 , the Z 2 twist associated with the reflection −I 2 does not put any additional constraints on the moduli U and T . As a consequence the moduli space of the untwisted subspace is the same as in toroidal compactifications. For the Z 6 − IIb orbifold,
The mass formula [26, 14] for the Θ 2 subspace reads
The quantity Y is connected to the Kähler potential,
the target space partition function Z coming form the integration of the massive chiral compactification modes
Here M represents the fermionic mass matrix, F the topological free energy and W the non-perturbative superpotential. Working in this way, we define the free energy as the one coming from the integration of the massive compactification modes, i.e. Kaluza-Klein and winding modes. Because non-compactification modes like massive oscillator modes are exculed from the sum the free energy can be characterized as topological [14, 13] . In this way, the non-perturbative superpotential is identified as
Here W is the mass matrix M of the chiral masses of the compactification modes. Especially, for the case where the calculation of the free energy is that of the moduli space of the manifold
, in a factorizable 2-torus T 2 , the topological [14] bosonic free energy is exactly the same as the one, coming from the string one loop calculation in [15] .
The total contribution to the non-perturbative superpotential, coming from modular orbits associated with the presence of massless particles, is connected with the existence of the following 3 orbits [14, 26] 
In the previous expressions, a regularization procedure is assumed that takes place, which renders the final expressions finite, as infinite sums are included in their definitions.
The regularization is responsible for the subtraction 4 of a moduli independent quantity from the infinite sum e.g n ,m∈orbit log M. We demand that the regularization procedure for exp[∆] has to respect both modular invariance and holomorphicity.
In eqn.(2.10), ∆ 0 is the orbit relevant for the stringy Higgs effect . This orbit is associated with the quantity 2n T m + l T Cl = 2 where n T m = m 1 n 1 + 3m 2 n 2 for the Z 6 − IIb orbifold. We should note, that the term "non-decomposable " will be used in a loose sence, in section four, meaning the freely acting orbifold limits of K 3 where the same modular groups, do appear. The total contribution 5 from the previously mentioned orbit is
We must notice here that we have written the sum [26] over the states associated with the SO(4, 2) invariant orbit 2n T m + l T Cl = 2 in terms of a sum over Γ 0 (3) invariant orbits n T m = constant . The precise parametrization of the Wilson lines in the invariant directions is not important since it is of no interest to us in the calculation of the modular orbits. Only the momentum and winding number dependent part of the spin operator is enough for our purposes. Remember that intially in (2.1), we discussed the level matching condition in the case of a T 6 orbifold admitting an orthogonal decomposition. Mixing of these equations for the non-decomposable orbifolds gives us the following equation
The previous equation can bewritten in the form described in (2.5) and (2.4). In particular it may gives us a number of different orbits invariant under SO(q +2, 2; Z) transformations.
Namely, i) the untwisted orbit with 2n We will be first consider the contribution from the orbit 2n T m + l T Cl = 0. We will be working in analogy with calculations associated with topological free energy considerations [13] . From the second equation in eqn.(2.10), considering in general the SO(4, 2) coset, we get for example that
Consider in the beginning the term n T m=0,l T Cl=0 log M. We are summing up initially the orbit with n T m = 0; n, m = 0, i.e ∆ 1
We calculate the sum over the modular orbit n T m + l T Cl = 0. As in [26] we calculate the sum over massive compactification states with l T Cl = 0 and (n, m) = 0. Namely, the orbit
The sum in relation (2.15) is topological(it excludes oscillator excitations) and is subject to the constraint 3m 2 n 2 + m 1 n 1 = 0. Its solution receives contributions from the following sets of integers:
and
So the sum becomes, 
Notice that we used the relation 
The last expression provides us with the non-perturbative [14, 26] generated superpotential W, by direct integration of the string massive modes. In fact [26] the corresponding expression for the decomposable orbifolds, was found to be the same as the expression argued to exist in [7] , for the non-perturbative superpotential. The latter was obtained from the requirement that the one loop effective action in the linear formulation for the dilaton be invariant 6 under the full SL(2, Z) symmetry up to quadratic order in the matter fields. In exact analogy, we expect our expression in eqn.(2.23), to represent the non-perturbative superpotential of the Z 6 -IIb. The exact form of the non-perturbative superpotential for the Z 6 -II-b orbifold is given by For the Z 4 − a orbifold defined by the action of the complex twist Θ = (i, i, −1) on the lattice SU(4) × SU(4), the mass operator for the Θ 2 subspace is
and it is invariant under the Γ o (2) T × SL(2, Z) U target space duality modular group. The spin is
Considering, as before, a general embedding of the Wilson lines in the gauge degrees of freedom we get
The topological sum constraint 2m 2 n 2 +2m 1 n 1 = 0 receives contributions from the following sets of integers:
(2.32)
Finally, W becomes on the torus lattice SU(2) × SO(10), the mass orerator for the Θ 2 subspace is given by
and it is invariant under the modular group Γ o (2) T × Γ o (2) U when B = C = l = 0. The non-perturbative superpotential W, receives contributions from the orbit
The latter can be solved by decomposing it in the two inequivalent orbits
Summing over the orbits we get that W is
(2.37)
The same form for W as in (2.38) can be shown to hold for the non-decomposable Z 4 − b orbifold defined by the action of the complex twist (1, 1, −4)/2 on the six dimensional torus lattice SU(4) × SO(5) × SU(2). The latter has the same modular symmetry group as the
For the orbifold, listed as Z 6 − II − c, and defined by the action of the complex twist Θ = [(2, 1, −3)/6], on the lattice SU(3) × SO(7) × SU(2), we derive W as
The modular group for the latter orbifold is
Non-perturbative superpotentials from Generalized Coxeter Orbifolds
We will end the discusion of non-perturbative superpotentials by calculating W for generalized Coxeter orbifolds (GCO). We will present the discussion for the CGO Z 8 orbifolds, defined 8 by the Coxeter twist (e iπ 4 , e 3iπ 4 , −1) on the root lattice of A 3 × A 3 . We remind that this orbifold is non-decomposable in the sence that the action on the lattice twist on the T 6 torus does not decompose into the ortogonal sum T 6 = T 2 ⊕ T 4 with the fixed plane lying on T 2 torus. For this orbifold, the twist can be equivalently be realized through the generalized Coxeter automorphism S 1 S 2 S 3 P 35 P 36 P 45 . In general, the GCO is defined as a product of the Weyl reflections S i of the simple roots and the outer automorphisms represented by the transposition of the roots. An outer automorphism represented by a transposition which exchange the roots i ↔ j, is denoted by P ij and is a symmetry of the Dynkin diagram. The realization of the point group is generated by 
Threfore the metric defined by g ij =< e i |e j > has three and the antisymmetric tensor b an other three deformations. The threshold corrections, topological free energy and effectively the W will depend on the moduli of the unrotated complex plane. That is if the action of the generator of the point group leaves some complex plane unrotated the equations
determine the background fields in terms of the independent deformation parameters. Solving these equations one obtains for the metric
with R, u, v ∈ R and the antisymmetric tensor field :
The N = 2 orbit for these sectors will contain completely unrotated planes, O = (1, Θ 4 ), (θ 4 , 1), (θ 4 , θ 4 ). Consider now the usual parametrization of the T 2 torus with the (1, 1) T-modulus and the (2, 1) U-modulus as,
Here, g ⊥ is quiquely determined by
Here, b is the value of the B 12 element of the two-dimensional matrix of the antisymmetric field B. This way one gets
The mass operator in the (1, Θ 4 ) untwisted subspace takes the form
but with the values of T, U given by eqn's (3.6, 3.7). Because, n T m = 2(m 1 n 1 + m 2 n 2 ) + l − terms, W takes exactly the same form as in eqn. (2.33).
Here we can make a comment related to the contribution from the first equation in (2.10) which is relevant to the stringy Higgs effect. Take for example the expansion (2.11).
Let's examine the first orbit corresponding to the sum ∆ 0,0 = n T m=1,q=0 log M . This orbit is the orbit for which some of the previously massive states, now become massless.
At these points the ∆ 0,0 has to exhibit the logarithmic singularity. In principle we could predict, in the simplest case when the Wilson lines have been switched off the form of ∆ 0,0 .
The exact form, when it will be calculated has to respect that that the quantity e ∆ 0,0 has modular 9 weight −1 and reflects exactly the presence of the physical singularities of the theory. We will not attempt to calculate this orbit as its sum is largely unknown.
Solutions to the µ Problem
The general form of solutions to the µ-term was given in eqn.(1.2, 1.4). Theμ contributions to the µ-term can be determined once W AB is singled out. We can safely assume that our low energy content of our theory is that of the minimal supersymmetric standard model. In this case contributions to theμ-term coming from higher derivative interactions vanish [7] .
For the orbifold Z 6 − II − b from (2.25) theμ contributions to the µ term read
As we have said each of the factors in eqn. (4.1) can be used as a possibleμ-term contribution. The latter forms exlude the ansatz for theμ-term used in [28] in the context of CP violation.
The expressions for theμ terms for the classes of non-decomposable orbifolds of the orbifolds appearing in sect. 2 and 3 are
(4.3) 
The µ-terms in M-theory
The purpose of this section is to show in which way it is possible to convert our µ-terms solutions of the previous section to their M-theory equivalents. In the context of M-theory Horava and Witten [29] proposed that the strong coupling limit of the E 8 × E 8 heterotic string is described by eleven dimensional supergravity on a manifold with a boundary.
The two E 8 's, "considered" as the observable and hidden sectors of the early supergravity theories, live on the opposite ends of the squased K 3 surface, the line segment
Further compactification of M-theory to four dimensions revealed a number of interestring features including computation of Kähler potential [32] , and supersymmetry breaking terms [38, 37] . The low energy supergravity which describes the theory in four dimensions has been discussed in several works [34, 35, 36, 37, 38] . while soft supersymmetry breaking terms like gaugino masses M 1/2 , scalar masses m 0 , and A-terms have been calculated in [30, 31] . We are particularly interested in the B-soft supersymmetry breaking term. The latter depends on the details of the mechanism that generates the µ-terms. Because of the non-perturbative nature of our solutions we will further assume that the B-soft term is the result of non-perturbative µ-term generation. In this case the M-theory B-term reads
where
where V o the value of the cosmological constant and F S , F T the dilaton and moduli auxiliary fields. We have used the Kähler function K of M-theory flows into its weakly coupled heterotic limit, e.g by taking appropriate limits in eqn. (2.19) of [20] , when α(T +T ) << (S +S). At the latter limit the B and the rest of the soft terms flow to their large Calabi-Yau limit equivalent to the blow up of twisted moduli fields of abelian (2,2) orbifold compactifications counterparts [20] . When (5.4) holds we are in the heterotic limit so that starting with our heterotic string µ-term solution of sect. 4 and by varying Re(S) while keeping Re(T) fixed we can extrapolate smoothly from heterotic string to M-theory [30] . We should note that retaining the weak perturbative properties of our theory demands in addition that (S +S) + α(T +T ) ≈ 4 or in other words 0 < α(T +T ) ≤ 2.
Conclusions
In the context of heterotic string theory we calculated non-perturbative superpotentials W arising from non-perturbative effects, namely from integrating out the massive compactification modes. Our calculation used the relation between the topological free energy and non-perturbative superpotentials [14] to perform this task. While in the literature [26] the same calculation have been performed for the orbifold models invariant under the target spece duality group SL(2, Z) T ×SL(2, Z) U we extended the previous result by applying the technique of performing the sum over modular orbits of the chiral compactification modes to the more general classes of non-decomposable orbifolds. The latter string vacua exhibit target space duality groups which are subroups of the modular group. These solutions were later used to calculate solutions to the µ-term problem. The form of the µ term that we have proposed can be used to test observable CP violation effects in non-decomposable orbifold compactifications of the heterotic string in the spirit suggested in [27, 28] .
In conclusion, in this work we have examined ansatz superpotentials invariant under a target space duality based on subroups of the modular group P SL(2, Z). In addition, we examined contributions to the µ terms in (2, 2) orbifold compactifications coming form the presence of non-perturbative contributions to the superpotential of N = 1 nondecomposable orbifolds.
